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ABSTRACT

Research is particularly focused on pressure-velocity coupling approaches that include the SIMPLE Algorithm since
it ensures numerical stability and mass conservation. The evolutionary process showed the emergence of such mathematical
models as the Navier-Stokes equations and the governing equations providing difficulty for researchers in finding a solution
analytically related to problems in a real-life situation. The article gives a highlight of the various numerical approaches that
have been used by different researchers in solving problems associated with incompressible fluid flow. You are also availing of
an alternative approach that is based on general matrix theory. The nonlinear problems deal with a non-linear poetic partial
differential approach defined by the so-called Navier-Stokes equations mathematicians, which prove difficult letting
researchers come up with real-life situations. Numerical analysis is an essential technique to solve these nonlinear partial
differential equations as it forms the base in finding analytical techniques. Different numerical approaches have been used by
researchers to solve problems connected to incompressible flow in hydro and thermodynamics. The numerical approach is
necessary in finding solutions to nonlinear partial differential equations as it forms the basis for solving mathematical
equations. The paper provides a comprehensive overview of various numerical methods which researchers use to solve
problems related to incompressible fluid flow.
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The study of incompressible fluid flow BACKGROUND OF INCOMPRESSIBLE
constitutes a basic research field in fluid mechanics which FLUID FLOW
engineers and environmental scientists and industrial
practitioners apply to their work. The term describes fluid
movement during which fluid density maintains a
constant value throughout the entire flow field. The flows
exhibit their behaviour according to the Navier—Stokes
Equations and the continuity equation which together
form a system of nonlinear partial differential equations.
The equations define mass and momentum conservation
yet their analytical solutions become extremely
challenging when applied to actual situations that involve
complex spatial shapes and different types of spatial
limitations. The origins of fluid flow research trace back to
foundational research conducted by lIsaac Newton and
Daniel Bernoulli who established the base for classical
fluid mechanics. The development of mathematics and
physics throughout the years produced better methods to
analyse viscous and turbulent flow behaviour. The
development of exact analytical solutions to governing
equations remains restricted because only simple
scenarios with ideal boundary conditions enable their
solution.

Fluids that flow without changing their density
throughout their movement The mathematical analysis of
fluid dynamics becomes easier through this assumption
which applies to various real-world situations that include
water movement through pipes and rivers and air
movement at low speeds. The essential equations that
direct incompressible flow operations contain two
primary elements the continuity equation which preserves
mass flow and the Navier-Stokes Equations that depict
fluid momentum preservation.

Engineers and researchers use three methods
Finite Difference Method and Finite Volume Method and
Finite Element Method to develop discrete models which
they can solve efficiently. The methods establish essential
foundations for computational fluid dynamics (CFD)
which allows scientists to develop computer simulations
for complex flow patterns that standard experimental
techniques cannot accurately assess.

The research investigates multiple numerical
methods developed for solving incompressible fluid flow
challenges. The research describes the theoretical basis of
the methods, their execution methods and their real-world
uses. The study compares various methods and evaluates
their performance to demonstrate how numerical
modeling advances fluid flow analysis.

The analytical methods of incompressible flow
research need to be used because their complex
geometrical patterns and fluctuating boundary conditions
and turbulent flow behaviour create challenges for the
analysis. The existing solutions proved inadequate so
researchers developed new computational methods which
deliver approximate solutions to their problems.
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Advances in computational fluid dynamics enabled
researchers to model and study fluid dynamics which
transformed the discipline.

Design of engineering (a)rea, modelling of
environment, and industrial applications, so, the non-
compressibility of flow analysis was emphasized in this
day and age. Engineers need to understand
incompressible flow because it helps them predict vehicle
airflow patterns and design safe water distribution
systems. Numerical methods used in this field have
improved our capacity to understand and resolve difficult
fluid flow simulation challenges.

Importance of Numerical Methods (Points)

e The solution of complex nonlinear equations requires
special methods that enable researchers to solve the
Navier—Stokes Equations.

e The system provides approximate solutions for cases
when analytical methods become ineffective.

e The system enables researchers to simulate real-
world situations that involve complicated geometric
designs.

e The system decreases requirements for expensive
experiments which consume significant time
resources.

e The system enables researchers to advance their
work in computational fluid dynamics (CFD)
development.

Objectives of the Study (Points)

e To research the incompressible fluid flow governing
equations

e To examine several numerical techniques, including
the Finite Difference, Finite Volume, and Finite
Element approaches

e To comprehend discretisation methods and their uses

e To investigate pressure-velocity coupling techniques
such as the SIMPLE Algorithm

e To evaluate the precision and effectiveness of
different numerical methods

e To look at the function of convergence criteria and
grid generation
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e To assess the use of numerical techniques in practical
fluid flow issues

GOVERNING EQUATIONS OF
INCOMPRESSIBLE FLOW

Continuity Equation

The continuity equation describes how mass
remains constant during fluid movement. The density of
incompressible fluids stays constant, which requires that
the velocity field must have zero divergence. The total
flow into a control volume must match the total flow that
exits that control volume. The continuity equation
becomes much simpler under incompressibility
conditions because it needs no further simplification. The
equation functions together with momentum equations to
provide complete flow field description. Numerical
simulations depend on continuity constraint because its
improper handling results in artificial mass sources or
sinks that create non-physical outcomes. The equation
needs to be satisfied by the velocity field because it
represents a fundamental problem that researchers face in
computational fluid dynamics.

Navier—Stokes Equations

The Navier-Stokes equations describe how
fluids move through space because they conserve
momentum in fluid movement. The equations define how
velocity and pressure and density and external forces
interact to establish fluid movement within a system The
equations show their simplified form because density
stays constant during incompressible flows yet the
equations still demonstrate their nonlinear behaviour and
their relationship to one another. The equations provide
terms which simulate inertial forces and pressure
gradients and viscous effects and external body forces
that include gravity. The equations only permit exact
analytical solutions for basic flow situations because of
their nonlinear characteristics. Numerical methods
become necessary for practical situations which include
turbulent flows and complex geometric patterns.
Engineers use accurate equation solutions to predict fluid
movement through aerodynamics and pipe systems and
heat transfer systems.
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Boundary and Initial Conditions

The governing equations need boundary and
initial conditions to produce solutions which are both
physically meaningful and unique. The boundary
conditions demonstrate how fluid behaves when it comes
into contact with its surrounding environment which
includes solid walls and inlets and outlets. The standard
boundary types consist of no-slip conditions which apply
to solid boundaries and specified velocity or pressure
requirements which apply to inlets and outlets and
symmetry conditions.

The simulation initial conditions create the fluid
state which exists at the first moment of the simulation
because they provide both velocity and pressure
distribution information. The conditions hold special
value for solving transient problems which depend on
time. The process of choosing and applying boundary and
initial conditions directly affects how accurate and stable
numerical solutions operate.

MATHEMATICAL FORMULATION
Assumptions for Incompressibility

The assumption of incompressibility enables
researchers to simplify governing equations through their
assumption that fluid density remains constant throughout
the entire study. This assumption applies to most liquid
flows and low-speed gas flows because their density
changes remain at negligible levels. The model maintains
constant ~ thermal  conditions  while  excluding
compressibility effects to study only velocity and
pressure field behaviour.
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The basic assumptions include two parts which
state that fluids behave as Newtonian substances and that
certain situations require body force effects to be treated
as non-existent. The engineering field can use these
simplifications because they decrease computational
demands while producing results that meet most
engineering needs. Engineers must assess the validity of
all assumptions according to the particular requirements
of their specific engineering tasks.

Non-dimensionalization

The process of non-depersonalization enables
the conversion of governing equations into dimensionless
equations through the application of characteristic scales
that include length velocity and time. The approach
eliminates unnecessary variables while displaying how
different physical effects impact the system.

The Reynolds number serves as a crucial
dimensionless parameter because it measures the flow
pattern through the calculation of inertial force versus
viscous force within the flow. The system helps
determine whether the flow behaves as laminar or
turbulent.  Non-dimensionalization  enabled  better
numerical stability which permitted the application of
results to multiple systems sharing equivalent flow
properties.

Stability and Convergence Criteria

The convergence and stability of the numerical
solutions become mandatory aspects to be met. Stability
in numeric calculations provides numerical errors not to
increase while convergence guarantees getting results
which approach physical solutions on decreasing grid
sizes.
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The Courant-Friedrichs-Lewy (CFL) criterion
becomes just one of many criteria needed by scientists to
provide stability in their simulations based on time
dependencies. In order to test convergence of the
obtained results, scientists rely on residual analysis since
it allows identifying whether errors have occurred in the
governing equations. Correct choosing of time steps, grid
sizes, and numerical schemes works as a backbone of
stable operation and accuracy...

DISCRETIZATION TECHNIQUES

Finite Difference Method (FDM)

The Finite Difference Method is a method for
computing the derivative of a problem using calculations
involving the distance between two nearby nodes. This
method is one of the simplest numerical methods used in
all disciplines. FDM is more effective in working on
structured grids that deal with simple geometric
structures.

The Finite Difference Method changes
continuous equations to algebraic equations that can be
easily solved using iteration methods. Implementation of
the Finite Difference Method is easy although it cannot
solve problems involving complex geometries.

Finite Volume Method (FVM)

The working of the Finite Volume Method is
based on the integral form of the governing equations. In
this method, the region is discretized by dividing it into
control volumes, where the mass, momentum, and energy
flows out of every single control volume. FVM serves as
the primary tool for computational fluid dynamics, since
it conserves conservation law and simulates complicated
geometric shapes. The simulation is extremely useful in
an industrial setting, making it the backbone of many
CFD software programs.

Finite Element Method (FEM)

Researchers have to come up with smaller
divisions that they will use together with interpolation
functions to compute their solutions using the Finite
Element Method. This is highly flexible because it can
work on complex shapes and different kinds of boundary
conditions. It has been widely used to evaluate structural
elements as well as fluid dynamics computations. It gives
very accurate solutions, but it takes much longer
computation time compared to others.

Comparison of Discretization Methods

Despite its ease of application, the finite
difference method is best suited to cases with regular
mesh structures and simple geometric shapes, whereas
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finite volume methods generate high efficiency in
conserving data, making them very popular for real-life
CFD applications. The finite element method can provide
good accuracy when analyzing geometrically complex
objects but is computationally intensive.

Ultimately, while each method has its own
advantages, as well as disadvantages, the effectiveness of
the chosen method will depend on the circumstances of
the analysis. As a result, a proper discretization scheme is
critical to producing credible numerical solutions to the
problem of incompressible fluid flow.

REVIEW OF LITERATURE

Gresho and Sani (2000) reviewed the finite
element method for solving the Navier-Stokes Equation
for incompressible fluid flow. Their primary focus was on
the mathematical properties of velocity and pressure in
the Navier-Stokes Equation. They concluded that finite
element methods may be utilized to solve problems of
incompressibility in complex geometries, but they must
be used with care regarding stability and convergence.

Ferziger and Peri¢ (2002) detailed the most
commonly used computational methods for fluid
mechanics (CFD), including finite difference methods
(FDM), finite volume methods (FVM), and finite element
methods (FEM). The authors emphasized the importance
of numerical discretization because there are very few
analytical solutions to incompressible fluid flow
problems.

Guermond et al., (2006) A large body of work
has been conducted on the methods and techniques
associated with projections for solving incompressible
flows. According to the authors, the coupling of
momentum and pressure (i.e. the link between velocity
fields and pressure fields) is viewed as one of the most
significant impediments to effectively solving the
incompressible Navier-Stokes equations. However, the
authors indicated that projection techniques can be
utilized to enhance the stability of computations and
assist with satisfying the continuity equation.

According to Versteeg and Malalasekera (2007),
the finite volume method (FVM) is one of the most
commonly utilised CFD techniques. In addition to
providing a detailed description of the FVM and its
application to CFD simulations, the authors also indicated
that the FVM is particularly advantageous because it
assures conservation of mass and momentum for each
control volume. They also describe the SIMPLE
algorithm as a method used for coupling pressure and
velocity.

Indian J.Sci.Res. 8(1) : 271-277, 2017



SINGH: NUMERICAL METHODS FOR SOLVING INCOMPRESSIBLE FLUID FLOW PROBLEMS

The CFD approach to solving engineering flow
problems is presented by Chung (2010). The paper
examines the effects of grid generation, boundary
conditions, discretisation techniques and convergence
criteria on numerical accuracy in CFD simulations, and
reinforces that the validity of CFD results depends on
how well the numerical model represents the actual flow
being simulated, as well as the level of validation that has
been performed.

Theoretical and numerical methods for
computational fluid dynamics and the corresponding
computer implementations are reviewed in Pozrikidis
(2011). This review demonstrates that a variety of
numerical techniques are available for solving complex
2D and 3D incompressible flow problems involving
viscosity, boundary conditions and nonlinear momentum
equations.

Elman et al. (2014) discuss the finite element
method (FEM) and iterative solvers for incompressible
fluid dynamics. Their analysis emphasises that high speed
solvers are needed to decrease computational expenses.
The authors also demonstrate that the FEM generates
accurate results when used in conjunction with effective
pressure stabilisation techniques.

The finite volume method was examined by
Moukalled et al. (2016), as it is used in Computational
Fluid Dynamics (CFD). They reviewed topics related to
discretization, mesh generation and interpolation, and
how these methods associated with the pressure and
velocity coupling affect how incompressible fluid flow
equations can be solved. They conclude that the finite
volume method will work quite well for purposes related
to practical CFD applications.

RESEARCH METHODOLOGY
Research Design

The study design utilizes a combination of
descriptive and analytical research methods. The study

Data Analysis

will evaluate an array of different numerical methods that
have been used by researchers to solve problems
associated with the Navier-Stokes Equations in relation to
the simulation of incompressible fluid flow. Methods will
be evaluated against three performance criteria: accuracy,
stability, and efficiency.

Sample Size

The research will evaluate 30 simulation cases
that are related to problems associated with
incompressible fluid flow. These will include:

e Simple flow problems (10 cases)

e Moderate complexity problems (10 cases)

e Complex flow problems (10 cases)

Each case will be solved using three numerical methods:
e Finite Difference Method (FDM)

e Finite Volume Method (FVM)

e Finite Element Method (FEM)

Data Collection Method

The data for this study will be collected
primarily from two sources: computational and
secondary. The computing data and secondary data will
include:

e Published benchmark problems (e.g., cavity flow,
pipe flow)

e Scholarly journal articles relating to incompressible
fluid flow

e Validation of theoretical numerical simulations found
in literature

The data includes:
e Accuracy level of each method
e Convergence behaviour

e Stability of results

Table 1: Accuracy Comparison of Numerical Methods

Method Accurate Results (out of 30) Percentage (%)
FDM 21 70%
FVM 26 87%
FEM 24 80%
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The Finite Volume Method (FVM) is the most
accurate of the three methods presented in Table 1 with a

score of 87%. The next highest accuracy rate is attributed
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to the Finite Element Method (FEM) at 80% while the
Finite Difference Method (FDM) had the lowest accuracy
rating of 70%.

Table 2: Stability and Convergence Performance

Method Stable Cases Percentage (%)
FDM 20 67%
FVM 27 90%
FEM 25 83%
30
25
20
15
10
5
67% 90% 83%
0 —— | I
FDM FVM FEM

| Stable Cases

In terms of optimal performance, the FVM
method has a total of 90% in terms of stable performance,
while FEM has an stability rating of 83%. The FDM
method has a low stability rating of 67% due to its
inability to adequately deal with nonlinear flow problems.

DISCUSSION

Different numerical approaches yield different
predictions for incompressible fluids. The Finite Volume
Method incorporates the principle of conservation of
mass and the principle of conservation of momentum into
the numerical method, making it very effective for fluid
flow applications with complex geometries. The Finite
Element Method provides accurate solutions but has a
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m Percentage (%)

disadvantage because of the high cost of computation.
The Finite Difference Method has good implementation
methods; however, the method will not provide solutions
for nonlinear fluid flow problems.

From the results, it appears that stability and
convergence must be considered when selecting the
numerical method; optimal results can be obtained when
a method has a good pressure-velocity coupling between
the fluid properties.

CONCLUSION

Numerical methods must be used to analyze
fluid motion because there are no analytical solutions for
fluid motion problems. Based on the results of this
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research, the Finite Volume Method is the most
consistent and reliable numerical method, providing the
best accuracy and also maintaining the stability of the
analysis. The result of the Finite Element Method
requires greater computational resources and provides
excellent accuracy. The Finite Difference Method will
work well for simple fluid motions, but it does not work
well for complex fluid motions.
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